The microfluidic inertial effect is an effective way of focusing and sorting droplets suspended in a carrier fluid in microchannels. To understand the flow dynamics of microscale droplet migration, we conduct numerical simulations on the droplet motion and deformation in a straight microchannel. The results are compared with preliminary experiments and theoretical analysis. In contrast to most existing literature, the present simulations are three-dimensional and full length in the streamwise direction and consider the confinement effects for a rectangular cross section. To thoroughly examine the effect of the velocity distribution, the release positions of single droplets are varied in a quarter of the channel cross section based on the geometrical symmetries. The migration dynamics and equilibrium positions of the droplets are obtained for different fluid velocities and droplet sizes. Droplets with diameters larger than half of the channel height migrate to the centerline in the height direction and two equilibrium positions are observed between the centerline and the wall in the width direction. In addition to the well-known Segré-Silberberg equilibrium positions, new equilibrium positions closer to the centerline are observed. This finding is validated by preliminary experiments that are designed to introduce droplets at different initial lateral positions. Small droplets also migrate to two equilibrium positions in the quarter of the channel cross section, but the coordinates in the width direction are between the centerline and the wall. The equilibrium positions move toward the centerlines with increasing Reynolds number due to increasing deformations of the droplets. The distributions of the lift forces, angular velocities, and the deformation parameters of droplets along the two confinement direction are investigated in detail. Comparisons are made with theoretical predictions to determine the fundamentals of droplet migration in microchannels. In addition, existence of the inner equilibrium position is linked to the quartic velocity distribution in the width direction through a simple model for the slip angular velocities of droplets. C 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4901884]
I. INTRODUCTION
Inertial migration of spherical solid particles, droplets, and bubbles in a Poiseuille flow has attracted considerable interest after the Segré-Silberberg effect 1, 2 was discovered. This effect, which has been verified by follow-up experimental [3] [4] [5] and theoretical 6, 7 works, induces the migration of neutrally buoyant spherical particles in pipe flows to an annulus at approximately 0.6 of the a) Authors to whom correspondence should be addressed. Electronic addresses: guoqing.hu@imech.ac.cn and sunjs@nanoctr.cn. pipe radius. It was well-known that shear-and wall-induced forces balance particles to equilibrium positions. The shear-induced force arises from the curvature of the flow velocity profile and tends to cause migration in the direction of increasing (absolute) shear rate. The wall-induced force is a result of the interaction between the particle and the lateral wall, which drives the particle toward the centerline. 6 In contrast to particles, the lift forces experienced by droplets are further complicated by deformation and internal fluid circulation. The flow velocity and droplet deformation as well as the ratios of density, viscosity and the size between the droplets and the surrounding flow can also influence the equilibrium position. Karnis et al. 5 have shown experimentally, when the Reynolds number (Re) is much less than unity, that highly deformable droplets in a Poiseuille flow migrate to the centerline if the viscosity ratio of the droplet and the surrounding flow λ is low (0.0002-4.8), whereas nearly spherical droplets with high λ suspended at a position halfway between the centerline and the channel wall behave like solid particles. Their results indicate that droplets can migrate in zero Re flow (without inertia) only if they deform; thus, the migration of a deformable droplet at non-zero Re is the result of competition between deformability and inertia. 8 The theoretical analysis by Chan and Leal 9 showed that, under the Stokes flow limit (Re 1), a droplet in a two-dimensional Poiseuille flow migrated to the centerline of the channel for λ < 0.5 or λ > 10 and away from the centerline for intermediate values of 0.5 < λ < 10. The deformed shape of the droplet was derived to be a function of governing parameters. The equilibrium position, however, was not predicted because the effect of the wall was not included. Zhou and Pozrikidis 10 have simulated droplet migration in a two-dimensional Poiseuille flow using a method of interfacial dynamics. They determined that for λ = 1, the droplet migrates toward the centerline and, for λ = 10, the deformable droplets move to an equilibrium position approximately halfway between the wall and centerline. This quantitative difference in comparison with the findings of Chan and Leal 9 was attributed to the limitations of the two-dimensional numerical simulations. Using a boundary integral method, Mortazavi and Tryggvason 8 conducted simulations of a neutrally buoyant deformable droplet in a two-dimensional Poiseuille flow at finite Reynolds numbers. They determined that the motion of the droplets depends strongly on the ratio of the viscosities, λ, when Re < 1. For λ = 0.125, the droplet moved toward the centerline, whereas for λ = 1.0, it moved away from the center until halted by wall repulsion. These results are in agreement with the theoretical predictions by Chan and Leal 9 for the viscosity dependence of migration in the limit of small deformation, even though droplet size is not small. The lateral migration was determined to be very weak, and it took a significant amount of time for the droplet to move to an equilibrium position. For higher Reynolds numbers (5-50), the droplets moved to an equilibrium position approximately halfway between the centerline and the wall. Mortazavi and Tryggvason 8 indicated that the equilibrium position of the droplet with a high viscosity is further away from the wall because of the increased viscous blocking (lubrication force) on the side of the droplet facing the wall. They also determined that an increased droplet density has the same effect as decreasing the droplet viscosity; although changes in the viscosity ratio have stronger effects.
Despite the common wisdom that inertial lift forces are negligible in microfluidics, Di Carlo et al. 11 have indicated that the inertial forces in symmetric and asymmetric channel geometries can create continuous streams of ordered particles precisely positioned in three dimensions. This study led to an emerging field of research on inertial microfluidics for the classification and enrichment of particles and cells. 12 For example, Kuntaegowdanahalli et al. 13 have achieved continuous multiparticle separation using the principle of Dean-coupled inertial migration in spiral microchannels. Recently, our group designed double spiral microchannels to focus and separate particles and cells in a high-throughput manner. 14, 15 For droplets, Hur et al. 16 have experimentally studied the inertial migration of viscous oil droplets with various viscosities in a single straight microchannel with an aspect ratio of approximately 2.3. They determined that deformable droplets occupy equilibrium positions much closer to the channel centerline than do rigid particles. The droplets were observed to shift toward the channel center as the viscosity ratio decreased from 970 to 4.6. However, for lower viscosity ratios below 4.6, the positions moved closer to the channel wall as the viscosity ratio decreased. It is worth noting that all the observations were conducted from the view of the narrow lateral face of the channel, while the positions from the view of the wide lateral face were not explored. Stan et al. 17 have investigated hydrodynamic positioning of the buoyant droplets and bubbles in a single straight microchannel with an aspect ratio of 1.6. Their experiments and numerical simulations were performed at small particle Reynolds numbers to exclude the effect of both inertial and deformation-induced lift forces. They showed that the analytical model of deformation-induced lift 9 and inertial lift 6, 18 cannot provide a satisfactory quantitative prediction of the lift forces because these formulas were developed for droplets or particles much smaller than the cross section of the channel. The significant enhancements of wall confinement on generating strong hydrodynamic interaction of droplets with the wall were highlighted. Stan et al. 19 also measured the hydrodynamic forces for droplets with diameters from one quarter to one half of the width of the channel under small particle Reynolds numbers (0.0001-0.1). Their results showed that the lift force increases with the distance from the channel center.
The positioning effect of the lift forces can be used to separate and sort droplets simply by flowing a single-stream carrier liquid. Most existing numerical simulations of droplet migration are limited to two-dimensional Poiseuille flow, although in rectangular microchannels, droplets migrate in both the width and height directions. The process of migration is much more complex under three-dimensional confinement. In this work, the inertial migration of deformable droplets in a microchannel is investigated through fully three-dimensional numerical simulations. The effects of droplet size and the velocity profile of the undisturbed flow on the migration of deformable droplets are studied for finite Reynolds numbers. Experimental observations are also performed for comparison with the obtained numerical results. The present investigation on the migration and deformation of droplets in the microchannel helps to understand the underlying droplet dynamics in practical applications. In addition, as deformable cells behave more like droplets moving in the microchannel than rigid particles, 16 the principles obtained from the present results can be of help in designing and optimizing inertial microfluidic devices for the manipulation of cells.
II. NUMERICAL MODEL

A. Numerical methods
The basis of the present study is the general numerical framework of Gerris. 20 The formulation accommodates the conservation equations for an incompressible, variable-density flow with surface tension
where u is the velocity vector, ρ the fluid density, μ the dynamic viscosity, and D the deformation tensor defined as
The Dirac delta function δ s expresses the fact that the surface tension σ is concentrated on the interface. The radius of curvature of the interface is denoted by κ, and n is the unit outward vector normal to the interface.
20
A volume-of-fluid (VOF) function c(x, t) is introduced to trace the multi-fluid interface. c(x, t) is defined as the volume fraction of a given fluid in each cell of the computational mesh. The density and viscosity can thus be written as
with ρ 1 , ρ 2 and μ 1 , μ 2 being the densities and viscosities of the first and second fluids, respectively. According to mass continuity, the advection equation for the density takes the following form in terms of the volume fraction:
A staggered temporal discretization of the volume-fraction/density and pressure leads to a scheme that is second-order accurate in time. 20 A classical time-splitting projection method is used, which requires solving a Poisson equation. To improve numerical efficiency and robustness, the discretized momentum equation is recast as a Helmholtz-type equation that can be solved by an improved, multi-level Poisson solver. 20 The resulting Crank-Nicholson discretization of the viscous terms is second-order accurate. The spatial discretization is achieved using graded octree partitioning in three dimensions. All the variables are collocated at the center of each discretized cubic volume. Consistent with the finite-volume formulation, variables are interpreted as volumeaveraged values for each cell. A piecewise-linear geometrical VOF scheme generalized for octree spatial discretization is used to solve the advection equation for the volume fraction. 21 Because the original continuum-surface-force (CSF) approach 21 suffers from problematic parasitic currents, 22 the combination of a balanced-force surface tension discretization and a height-function curvature estimation 20 is used to circumvent the problem. The Courant-Friedrichs-Lewy (CFL) number is set to be 0.8 for all the simulations to ensure overall numerical stability.
The above numerical method allows for a spatially and temporally varying resolution. In addition, the local mesh refinement or coarsening in the quad/octree discretization is extremely efficient and can be performed at every time step if necessary, with minimal impact on overall performance. The interpolation of quantities on refined or coarsened cells is also relatively simple on the regular Cartesian mesh and is achieved conservatively for both the momentum and the volume fraction. 20 In the present paper, a gradient-based adaptive mesh refinement (AMR) method is used for the volume fraction. Adequate mesh refinement is guaranteed along the entire interface where the volume fraction has gradients. Due to the confinement of the channel walls, thin films between the walls and the droplet exist when droplets are close to the walls. The efficient thickness-based refinement methods in previous study 23 are applied to refine the thin regions. The numerical methods have been validated in high-fidelity numerical simulation of impinging jet atomization. number, ratio of the height to the width of the channel, ratio of the droplet diameter to the height of the channel, and the ratio of the densities and viscosities of water and oil, defined as Re
Here, D is the diameter of the droplet, U a is the mean channel velocity, and σ is the surface tension. The density and viscosity of water are denoted by ρ w and μ w , respectively, and the oil has a density ρ o and a viscosity μ o . The height, width, and length of the microchannel are H, W, and L, respectively.
Droplets are confined in two directions in a microchannel; thus, a three-dimensional model is necessary to consider confinement in two directions. In most existing numerical studies on the migration of particles or droplets, 8, 17, 25, 26 periodic boundaries are utilized to reduce computational cost. However, periodic boundaries significantly affect the migration of the particles 25 and tend to stabilize the particles at the outer Segré-Silberberg equilibrium positions and suppress the emergence of the inner equilibrium positions. Therefore, a full-length microchannel is used in the present numerical simulations.
The dispersed phase is Milli-Q water, and the continuous phase is hexadecane, 27 which is a commonly used combination in droplet microfluidics. Because a surfactant is often added to the microfluidic devices to stabilize the droplets, a low surface tension of 10 mN/m is set for the water/hexadecane interface. A constant axial velocity is set for the left boundary to specify the flow rate and to create a pressure-driven flow. The right boundary has an outflow condition. No-slip conditions are set for the side walls. The aspect ratio W/H is 2. The physical parameters are listed in Table I . At the beginning, the simulations proceed without droplets to obtain a steady flow field only with the continuous phase. Next, spherical droplets are initialized at certain positions and move with the carrying fluid. The longitudinal position is set to be a distance away from the inlet boundary to avoid the region where the velocity profile is under development.
C. Force measurement
The lift force experienced by a droplet can be calculated by integrating the pressure and the viscous stresses along the interface. 28 However, the lift force is difficult to accurately obtain in the current numerical framework because interfaces are implicitly presented in the VOF method. Although the interaction between a droplet and the surrounding liquid can be properly predicted, obtaining the exact forces through interpolations on an interface is still a challenge. To overcome this difficulty, we apply a constant body force to a droplet in the y or z direction to balance the lift force. Meanwhile, the droplet still moves freely with the surrounding fluid in the x direction. Thus, the lift force can be measured at a certain lateral position when the equilibrium state of the droplet is achieved. This method is similar to Stan et al. 19 who used buoyancy force to balance the lift forces and then achieved the measurements.
In some lateral positions, however, lift forces are difficult to measure with the above method. For example, when the body force is set to be larger than the lift force at the initial positions, the droplet will move along the direction of the body force. If the lift force decreases in that direction, the droplet will further migrate and move out of the region of interest. To address such a circumstance, we introduce a feedback forcing function developed by Suh and Lee. 29 The formulation of the feedback forces 29 acting in the y and z directions per unit mass is modified to be
Here, F y and F z are the body forces uniformly applied on the droplet. The droplet centroid is located at (y c , z c ) in the cross section of the microchannel. The prescribed position is (y 0 , z 0 ). The mean velocities of the droplet along y and z directions are V and W, respectively. The coefficients, α, β, and γ , have negative gains of the feedback forcing formulation. The feedback forces adjust themselves dynamically to bring the droplets to the prescribed position. The coefficients used in the present paper are set to be 10, 5, and 5 according to the stability analysis of Suh and Lee 29 and the time-step in our simulations. By adding the feedback forces as source terms to the momentum equation, the droplet can be driven to y c or z c in the y or z directions after achieving an equilibrium state. The lift force experienced by the droplet can then be obtained.
D. Grid independence study
Three cases are performed to analyze the effect of grid resolution on the computational accuracy for α = 0.77, λ = 0.33, ζ = 0.6, Re = 6.12, We = 1.5, and ε = 2. Droplets are released at y/H = 0.6 and z/H = 0. The background grid size is set to be H/8 for all the cases. The grids along the droplet interfaces are refined through a gradient-based refinement for the volume fraction to three different resolutions. The equivalent numbers of cells in one diameter, D/ x, are 9.6, 19.2, and 38.4, respectively. The equilibrium y position increases slightly with the increasing grid resolution and the predicted equilibrium positions are 0.427H, 0.474H, and 0.478H, respectively. Therefore, the highest grid resolution is sufficiently accurate to be used in the remainder of this paper.
III. EXPERIMENTAL SETUP
Experiments are carried out for comparison with the simulation results. A flow-focusing microfluidic device is designed following the work of Stan et al. 17 and is used to generate monodisperse droplets (as shown schematically in Figure 2 (a)). After formation, the droplets are directly introduced into a rectangular channel with dimensions of 100 μm × 50 μm (W × H). A side channel is introduced at approximately 600 μm after droplet generation to push the droplets toward the side wall to investigate the effect of the initial position. The length of the straight channel is 2 cm, which is long enough to obtain steady suspension.
The microfluidic device is fabricated using a standard soft lithography 14, 30, 31 technique by patterning SU8-2050 (MicroChem Corp., USA) on a silicon wafer (CapitalBio Corp., China). Polydimethylsiloxane (PDMS) mixed with the curing agent (Sylgrad184, Dow Corning Inc., USA) in a ratio of 10:1 is cast over the fabricated wafer and baked at 80
• C for 2 h after degassing. The PDMS mold is then diced and peeled from the wafer. The inlets and outlets are punched using a needle with a flattened tip. Plastic tubes are inserted into the ports and sealed with adhesive glue (3145 RTV, Dow Corning Inc., USA). The slab is then bonded to a glass substrate (25 mm × 75 mm) after an oxygen plasma treatment. Finally, the assembled device is placed into an oven at 80
• C overnight to restore the material to its native hydrophobic condition. The images of the microfluidic device are shown in Figures 3(b) and 3(c) for with and without plastic tubes. Water with red food dye is filled into the microchannel only here for visualization.
The microfluidic device is mounted on the stage of an inverted microscope (Nikon Eclipse Ti, Japan). The continuous and dispersed phases are hexadecane (Sigma-Aldrich, USA) and Milli-Q water, respectively. Span 80 (0.05% in volume, Sigma-Aldrich, USA) is dissolved in hexadecane, which reduces the hexadecane/water surface tension from 50 mN/m to 10 mN/m, as measured using the pendant droplet method (Theta tensiometers, Attension, Finland). According to Campanelli and Wang, 32 the concentration of the surfactant is below the critical micelle concentration (CMC). Hexadecane and water are introduced into the channel using three syringe pumps (Pump 11 Elite, Harvard Apparatus Inc., USA). The motion of droplets in the microchannel is recorded using a Phantom v7.3 high-speed camera (Vision Research Inc., USA) and Phantom Camera Control software. All highspeed videos are taken at a 3000 fps (frames per second) sample-rate and with a 9 μs exposure time. The captured images are analyzed with the ImageJ software package (http://rsb.info.nih.gov/ij/). 
IV. THEORETICAL ANALYSIS A. Lift force
Most theoretical studies on inertial migration were based on the method of asymptotic expansion for small spherical particles. 6, [33] [34] [35] [36] [37] Among these, a study by Ho and Leal 6 shows that the lateral force originates from the shear field acting on the small spherical particles rather than the presence of a wall-induced lag velocity or the slip-spin mechanism reported by Rubinow and Keller. 38 Ho and Leal 6 have studied both simple shear flow and two-dimensional Poiseuille flow to determine the importance of the velocity profile. The closed-form solutions for the lateral force of neutrally buoyant spheres were in good agreement with experimental observations in terms of equilibrium positions and trajectories of migrations. [39] [40] [41] The general form 6 of the lift force indicated that the interaction of the disturbance stresslet and its wall correction with the bulk shear produces a force toward the centerline, while the interaction between the stresslet and the curvature of the bulk velocity profile tends to cause migration in the direction of increasing (absolute) shear rate, where the stresslet is the symmetric first moment of the surface stress of a body in a flowing fluid.
Ho and Leal 6 highlighted that the force toward the centerline is proportional to the square of the shear rate, whereas the force toward the wall is proportional to the product of the shear rate and the curvature. The general expression of the lateral force developed by Ho and Leal 6 is applicable to all undisturbed flow fluid of the form of a + bs + cs 2 , where s is a coordinate that varies from 0 to 1. Although the theory of Ho and Leal 6 was developed for small Re and small D, we can still utilize it to obtain a basic understanding of the effect of the velocity distribution on the lateral force. This leads us to analyze the velocity distributions in the two directions.
Figure 3(a) shows the contour of the undisturbed velocity field on the cross section with an aspect ratio of two, obtained from numerical simulations. The distributions of U/U a are independent of Re over the range in our study (from 1.93 to 19.3) for undistributed flow. The velocity profiles along the y direction in the z = 0 plane and along the z direction in the y = 0 plane are plotted in Figure 3(b) . The profile in the z direction is approximately a parabolic curve, which is a typical shape for laminar flow. In contrast, the profile in the y direction is approximately a quartic curve. The shear rate of the flow can be obtained through the derivative of the velocity profile. The absolute value of the undisturbed shear rate in the z direction increases linearly from the center to the wall (Figure 3(c) ), whereas the absolute shear rate in the y direction slowly increases from the center and rapidly near the wall. The curve of shear rate in the y direction can be approximately fitted into two straight lines (shown in Figure 3 (c) with dashed lines). This means that the quartic distribution of axial velocity in the y direction can be approximately divided into two parabolic regions.
Using the above finding, the quartic velocity profiles in y direction can be fitted to two parabolic curves (Figure 4(a) ). Then the theory of Ho and Leal 6 developed for parabolic velocity profile can be used for the quartic velocity profile in y direction. The expression for the lateral force is
where the functions G 1 (s) and G 2 (s) are independent of the detailed undisturbed flow and were evaluated numerically for various values of s by Ho and Leal.
Using the above theoretical expression, the lateral forces for D/W = 0.3 in parabolic and quartic flows are compared in Figure 4(b) , where the lift coefficient C l is defined as
The lift coefficient of the quartic flow is obtained through the two parabolic curves. The junction of the two curves for the quartic flow is smoothed at y/W = 0.3. The absolute value of C l of the quartic flow is smaller near the center and larger near the wall relative to that of the parabolic flow. The lift coefficient is zero at the centerline and is called an unstable equilibrium position. 42 Because the gradient of the force is non-zero, a small disturbance can drive a droplet away from the centerline and toward the wall. Interestingly, the stable zero-lift positions for the two velocity profiles coincide at the same scaled position y/W = 0.3. This means that although there are differences between the velocity profiles, the scaled equilibrium positions are the same. This finding will be validated by numerical simulations in Sec. V D.
B. Angular velocity
The rotation of a suspended droplet in the ambient liquid can be quantified by the mean angular velocity of the droplet. Different from a rigid particle, a droplet experiences deformation and internal recirculation. In order to simplify the modeling of angular velocity, the droplet is assumed to maintain a spherical shape. The velocity distribution inside the droplet is affected by the internal recirculation. However, the effect of internal recirculation is small according to our simulation results in Sec. II D. In the frame of the wall, the streamlines are only affected a little by the internal recirculation of the droplet. The axial velocity near the center of the droplet is also slightly higher than the undisturbed axial velocity due to the inner recirculation (the largest disparity is only about 7%). Therefore, in the present study, the velocity distribution inside the droplet can be considered to be the same as the undisturbed flow in the frame of the microchannel. This assumption allows us to develop a simple model to consider the effect of velocity profile on the mean angular velocity of the droplet. Figure 5 shows the front and top views of a three-dimensional droplet in the microchannel. First, a droplet with its centroid at any y position y 0 in the z = 0 plane is considered ( Figure 5(a) ). The angular momentum with respect to y 0 of an element with a thickness of dy at y a can be expressed as ρ w π (D 2 /4 − (y a − y 0 ) 2 )U y a (y a − y 0 )dy, where U y a is the averaged axial velocity of the element. Because the droplet is spherical, the distribution of the axial velocity in the y plane needs to be considered to determine the value of U y a . In the top view ( Figure 5(b) ), a similar discretization as in Figure 5 (a) can be performed to obtain an expression for U y a as follows: where U y is the velocity of the undistributed flow and r = (D/2) 2 − (y a − y 0 ) 2 is the radius of the element in Figure 5 (a). The parabolic profile of the axial velocity in the z direction is used in the above equation. The resultant expression for U y a is
The velocity profile in the y direction in the z = 0 plane for a microchannel with an aspect ratio of 2 can be expressed as
The angular momentum with respect to y 0 of the droplet can then be given as
The final form of the angular momentum is
An expression of the angular momentum in the z direction can be obtained by the integration from the top view. The droplet centroid is set to be at any z position z 0 in the y = 0 plane. Because the droplet is much smaller than the height of the microchannel and because the variation of the velocity along the y direction is small near y = 0, the velocity distribution inside the droplet is assumed to be independent of the y position. Due to the known parabolic velocity profile in the z direction, the expression of the angular momentum reduces to a much simpler form:
Because the rotational inertia of a droplet is I = ρ w π D 5 /60, the averaged angular velocity can then be given as = L/I = 8U a y 0 /H 2 , which is independent of the droplet diameter in a parabolic flow. Knowing that the shear rate in the parabolic flow isγ = − 16U a y 0 /H 2 , we find that = −γ /2. The right term is the angular velocity of the undistributed flow at the point of the droplet centroid, which can be expressed as f . Through derivations of Stokes' equations, Brenner 43 showed that when no external torques are exerted on a small spherical particle, it rotates with the local angular velocity of the undisturbed flow at its center at sufficiently small Re. This relation between the angular velocity and the shear rate is widely accepted in existing studies to express the rotation of a freely rotating, small spherical particle. 33, 44 Our simple model indicates that = f holds acceptably for droplets of any size in a parabolic flow.
The angular velocity caused by the shear distribution in the y direction is expressed as
The above equation shows that the mean angular velocity is dependent on the droplet size. The relations between the lateral position and are obtained for different droplet sizes (Figure 6(a) ). is equal to f for D/H = 0. Small disparities are found for finite droplet sizes. The slip angular velocity − f increases with droplet size (Figure 6(b) ). The predicted mean angular velocity is larger than half of the flow shear rate near the centerline but smaller near the wall. The dividing points vary between y/H = 0.5 and 0.6. The largest disparities are near the center, between the centerline and the dividing points.
V. RESULTS AND DISCUSSIONS
The droplet centroid is initially located between the centerline (y/H = 0.0) and the wall (y/H = 1.0) in the y direction and between the centerline (z/H = 0.0) and the wall (z/H = 0.5) in the z direction. Releasing the droplets at different positions allows us to study the dynamic process of migration as well as the effect of the velocity profile on the equilibrium position. of the microchannel can migrate to a positive or negative y position because of the symmetry. The trajectories with negative positions are mirrored to the positive y direction. For every Re, droplets migrate to two equilibrium y positions between the centerline and the wall, which is in contrast to previous observations of only one position for droplet migration. 8, 16, 17 Here, the normalized positions close to the centerline and the lateral wall are called the inner y e i , and outer y e o equilibrium positions, respectively. For Re = 6.12 ( Figure 7(a) ), these two positions are at y/H = 0.22 and 0.46, respectively. The outer position is close to the Segré-Silberberg position (y/H = 0.6) and is in agreement with Mortazavi and Tryggvason, 8 who showed that droplets move to approximately halfway between the centerline and the wall in a parabolic flow under a finite Re. The disagreement on the existence of the inner position may be due to the different velocity distributions. Even with similar aspect ratios, the existence of the inner position was not found during the experiments of Hur et al. 16 and Stan et al. 17 In fact, the observations of Hur et al. only along the y direction, and Stan et al. 17 have considered buoyant droplets with a negligible deformation under small Re. However, the inner position was found in experimental and numerical studies of a small spherical particle in a circular Poiseuille flow when the Re exceeded a critical value. 18, 25 We will address this issue in Secs. V D-V F.
Note that there is no movement of the droplet in the z direction when released in the z = 0 plane. To determine if the initial z position has an effect on the equilibrium position in the z direction, an additional test is performed by releasing the droplet at y i = 0.5 and z i = z/H = 0.2 for Re = 6.12. The initial y position is close to the outer equivalent position to eliminate motion in the y direction. The result is compared to the case of y i = 0.5 and z i = 0 in Figure 7 (c). The droplet released at z i = 0.2 migrates to the z centerline, indicating that the force experienced by the droplet is toward the z centerline. In contrast, the variation of the y position shows a falling and subsequently rising curve because of the droplet deformation induced by the wall-induced force in the z direction. The force in the y direction increases with the deformation because the area of the acting surface increases. As the droplet moves to the centerline in the z direction, the deformation recovers, and the droplet migrates to the outer equilibrium position in the y direction.
The normalized equilibrium y positions y e decrease with increasing Re (Figure 7(d) ). The two positions for Re = 1.93 and 6.12 are nearly identical, which imply that the equilibrium positions are insensitive to the Re in the range from 1.93 to 6.12. As Re further increases, both equilibrium positions shift toward the centerline. The difference between the two equilibrium positions at the same Re decreases as Re increases. Figure 8 shows the front, top, and side views of the droplets at the equilibrium y positions for ζ = 0.6 and for different Re. Overall, the shapes become increasingly deformed with increasing Re. The deformation of the droplets in the front view is asymmetric between the top and bottom. The deformation is larger for the outer equilibrium position for each Re because the position is more influenced by the confinement. The differences of shapes between the inner and outer equilibrium positions are caused by the larger shear rate near the wall and also by the presence of the wall. Generally, the shapes change from near-round to inclined-elliptical as Re increases. The top views of the droplets become more asymmetric between the front and the rear, while they remain symmetric between the top and bottom. The shape of the droplet is similar to that of the vesicles obtained by Coupier et al. 45 for low Re. Negative curvature regions at the rear appear at Re = 19.3. The shapes change from near-round to bullet shaped and subsequently to parachute shaped. In contrast, the side views of the droplets become more asymmetric between the top and the bottom with increasing Re, and the shapes change from round to ellipse and subsequently to bullet shaped. Combining the different views, two types of three-dimensional shapes other than a sphere can be deduced; namely, egg shaped and parachute shaped. According to symmetry, there should be four equilibrium positions in the yz plane for each Re.
B. Migration dynamics and deformation for a size ratio of 0.3
The evolutions of the y positions and z positions of droplets for a size ratio ζ = 0.3 and different Re are shown in Figures 9(a)-9(d) . The droplets are released from different y positions between the centerline and the wall in the z = 0 plane. In contrast to the large droplets, the small droplets migrate in both the y and z directions. The droplets also have two equilibrium positions in the y direction for all Re. One equilibrium z position corresponds to each of the two equilibrium y positions. As shown in Figure 9 (d), the differences between the equilibrium z position are small for Re = 19.3, but they are large for Re = 1.93 ( Figure 9(b) ). This is because the outer y equilibrium position at Re = 1.93 ( Figure 9(a) ) is much closer to the wall than for the other cases. The value of the shear rate in the z direction on the y plane close to the wall is much smaller. The equilibrium z position is thus close to the centerline. Two more simulations for Re = 6.12 are carried out to test the dependence of the equilibrium position on the initial z position. The initial y position is set close to the inner equilibrium position to eliminate movement in the y direction. Figure 9 (e) shows the droplets from different initial z positions migrating to the same z position. Additionally, the variations of the y position are almost the same for the three cases. This is in contrast to the cases for ζ = 0.6 (Figure 7(c) ) because the droplets are far away from the walls in the y direction. The deformation induced by the force in the z direction has negligible effect on the force in the y direction.
In contrast to the case of ζ = 0.6, the two equilibrium y positions for ζ = 0.3 decrease linearly with Re (Figure 9(f) ), and the inner y position is insensitive to Re. The distance between the outer and inner y positions for the same Re decreases as Re increases. The equilibrium z positions corresponding to the inner equilibrium y positions also decrease linearly with Re. Figure 10 shows the views of droplets at different equilibrium positions at ζ = 0.3 and for different Re. The front views of the droplet for Re = 1.93 are nearly spherical, whereas a larger deformation in the top view is observed for the equilibrium z position closer to the wall. When the Re number increases to 6.12, both the front and top views of the droplets become egg-like. The deformations in the top views are larger than those in the front views. At the highest Re number (Re = 19.3), the droplet deforms to be slipper-like in the top views. The longest axes of the droplets in the front views are almost parallel to the centerline. The side views show the lateral position of Figure 11 . Figure 11(a) clearly shows the two-stage evolution of the position. Taking the case of y i = 0.45, for example, the droplets migrate faster in the z direction from the centerline to the wall in the first stage. When reaching the equilibrium z position, the droplet migrates faster in the y direction to obtain the equilibrium position as in the second stage. This is similar to the experimental observation in the particles. 46 This two-stage scenario is a result of the shear stress in the z direction being larger than in the y direction as illustrated in Figure 3 (c). Depending on the initial position, the two-stage scenario can be more or less observable. However, when Re is larger (as shown in Figure 11 (b)), the migration speed in the two directions are comparable. The larger deformations of the droplets alter the wall-induced forces in the two directions.
C. Comparison with experimental observations
Experiments are performed to confirm the numerical findings. Figure 12 (a) shows the droplet generation process at the upstream and the steady-state flows at the downstream (x = 1.8 cm). The Figure 12 (b) further compares front views obtained from numerical simulations and experiments for different Re, respectively. For Re = 1.93 and 6.12, good agreements are found in terms of both the inner and outer equilibrium positions as well as the deformations. Note that the equilibrium positions in the experiments are slightly closer to the centerline. However, for Re = 19.3, although the agreements of the equilibrium positions are acceptable, the differences of the deformations are obvious. The disparities may due to the Marangoni effect, which is caused by concentration gradients in the surfactant that are not considered in the present numerical simulations. Hanna and Vlahovska 47 have shown theoretically that flow-induced surfactant redistribution on a nondeforming spherical droplet in a Poiseuille flow causes the migration of the droplet to the centerline. Numerical simulations by Janssen and Anderson 48 also illustrated that, when the droplet is close to the wall, the surfactant can be partially swept clean because of the strength of the shear flow between the interface and the wall. The deformation of the droplet can then be reduced because of dilution of the surfactant. The disparities between the numerical and experimental images shown in Figure 12 (b) can then be attributed to the flow-induced surfactant dilution, which causes larger disparities with increasing flow velocity. Note that the existing studies 47, 48 on surfactant effects are limited to the Stokes flow, and further investigation is needed for the inertial migration of droplets under finite Re.
D. Effect of velocity profile on lift coefficient
Similar to particles, droplets suspended in and flowing with the surrounding flows experience pressure and viscous forces acting on the surfaces. In contrast to particles, the forces are affected by the deformation and internal flow circulation of the droplet. The wall effect and the accompanying deformation interact to alter the lift force experienced by the droplet, which makes a theoretical analysis more complicated and difficult. A quantitative understanding of the overall lift force can be addressed by the measurement of the lift coefficient at different positions. Based on the force measuring method mentioned in Sec. II C, the lift coefficients C l at different locations are obtained for ζ = 0.6 and 0.3 at Re = 6.12 ( Figure 13 ).
For ζ = 0.6, the lift forces are zero at three locations: the centerline and the inner and outer equilibrium positions (Figure 13(a) ). As expected, there are two crests between the centerline and the outer equilibrium positions. The centerline position is an unstable equilibrium position since the lift force always drives the droplet toward the walls once the droplet departs from the centerline. The outer equilibrium position is a stable equilibrium position since the lift force always acts in the direction of driving the droplet back to the outer equilibrium position. For a droplet at the inner equilibrium position, if the droplet deviates toward the centerline, the positive lift force will drive the droplet back to the inner equilibrium position; if the droplet deviates toward the wall, the positive lift force will drive the droplet further away from the inner equilibrium position. The inner equilibrium position should then be considered a metastable equilibrium position. At the inner equilibrium position, the slope of the curve becomes zero, such that a droplet at this position is not sensitive to small disturbances. The variation of the lift force in Figure 13 (a) is similar to the theoretical calculation of the lift force on a small solid particle for large Re. 37 However, the existence of the inner equilibrium position for a solid particle was not theoretically predicted. Note that the data points on the first crest are few in number because of the unstable behavior of the droplets in that region. This observation is similar to a previous study of Joseph and Ocando. 49 They determined that, for certain Re, heavier than liquid particles undergo "turning-point transitions," leading to unstable equilibrium solutions. They obtained the unstable solutions by constraining the particle in the lateral direction. However, obtaining unstable solutions for droplets is difficult because the feedback forces cannot converge at certain positions.
The lift coefficients at different z positions are obtained for ζ = 0.3 and Re = 6.12 ( Figure 13(b) ). The initial y position y/H is set to be 0.15, which is the inner equilibrium y position. Body forces are only applied in the z direction, while the droplet is free in the y direction. During each simulation, there is no motion of the droplet centroid in the y direction, which again proves that the inner equilibrium y position is a metastable equilibrium position. The lift forces in the z direction are zero at two locations: the centerline and the equilibrium positions. There is one positive curve between the centerline and the equilibrium positions.
The force experienced by a droplet depends on the size of the droplet for a fixed dimension of the channel. The chosen droplet diameters allow us to examine the effect of the velocity profiles under the same ratio of droplet size to dimension in the acting directions of the lift force. Figure 14(a) shows the profiles of the axial velocity along the y direction on the z = 0 plane and along the z direction on the y = 0 plane. By scaling the y coordinate with W for ζ = 0.6, the droplet size is equivalently reduced to that of ζ = 0.3. The effects of the velocity profile are then considered for the same droplet size ratio. The two fitted curves of the lift coefficients in Figure 13 as well as the predicted curves in Figure 4 (b) are compared in Figure 14(b) . Good agreements between the simulation data and theoretical results are obtained near the centerline. Because the effects of the finite droplet size and deformation are not considered in the theoretical analysis developed for rigid particles, the lift coefficients are over-predicted away from the centerline. Interestingly, the scaled outer equilibrium y position for ζ = 0.6 coincides with the equilibrium z position for ζ = 0.3. This coincidence is well-predicted by the modeling curves, despite the equilibrium position being over-predicted. Generally, the differences between the modeled and measured lift force caused by the effects of deformation-induced force and hydrodynamic interaction of droplets with the wall. Both effects increase with the distance to the centerline. The tendency coincides to the measurements of Stan et al. 19 for hydrodynamic force under small Re.
E. Internal recirculation and angular momentum
In contrast to solid ellipsoidal particles that rotate in the shear flow, droplets deform into an ellipsoid shape in the shear field, but the shapes are fixed at the equilibrium states. This difference is the result of internal flow recirculation inside the droplets. The streamlines in the z = 0 plane at the equilibrium position are shown in Figure 15 for ζ = 0.6 at different Re in reference frames moving with the droplet centroids. Internal circulations inside the droplets are generated by the shear rate in the flow as well as by the viscous stress acting on the surface of the droplets. Single counterclockwise eddies inside the droplets are observed even when the droplet is close to the centerline as shown in Figure 15 (c). The centers of the vortexes are near the upside. The distance between the center of the vortex and the upside of the interface becomes larger when the droplet is closer to the wall. A larger wall-induced shear stress causes a higher rotation speed on the upside of the droplet.
The cases used in Figure 13 (a) for the lift coefficients allow us to study the angular momentum of the droplets at different lateral positions. Figure 16 momentum in Sec. IV B and the measurements from the simulations for ζ = 0.6 and Re = 6.12 at different y positions. Good agreement is found even for large deformations when the droplet is close to the wall. The predicted angular momentums are larger than the measurements. The differences between the two data appear to be nearly constant from the centerline to the wall, implying that the disparities are most likely caused by the shear stress from the walls in the z direction. Because the droplets are close to the walls in the z direction, the angular motions are restricted by the confinements. Figure 16 (b) compares the angular momentum of the modeling and simulation for ζ = 0.3 and Re = 6.12 at different z positions. The agreement is excellent, although there is a large deformation and confinement of the lateral wall.
F. Variation and dynamics of droplet deformation
The front views of the droplet for ζ = 0.6 and Re = 6.12 at different y positions are shown in the top of Figure 17 . The lateral positions are held by the body force while allowing deformation. can be expressed as
where A and B are the longest and shortest axis lengths of the droplet shape, respectively. Ca l = μ oγ D/2σ can be considered the local capillary number, which is proportional to the local shear rate. Note that the above equation is developed for flows with constant shear rates, and the effect of wall repulsion to deformation is not considered. However, we find that simply multiplying the model by a constant factor 1.296 will result in a good agreement with the simulation results as shown in Figure 17 (b). Another parameter used to denote the deformation is the angle of attack α, measured from the angle between the long axis and the wall. As shown in Figure 17 (c), the angle decreases from the centerline to the wall and varies around 45
• . We find that α is nearly proportional to U f /U a , while the ratio of their values is approximately 24.8. The change of surface area during deformation is less than 1% in the range from the centerline to the outer equilibrium position (Figure 17(d) ) and can be attributed to the fact that the inertia of the droplet is comparable to its surface tension (We ∼ O (1)). The surface area initially increases and reaches a peak value near the inner equilibrium position. After that, the surface area reduces to a minimum value at y/H = 0.31 and subsequently increases dramatically because of the large shear rate and wall effect.
The peak of the surface area near the inner equilibrium position indicates a larger deformationinduced force toward the centerline. Deformations should be the cause of the existence of the inner equilibrium position. The nonmonotonic variation of the surface area is most likely corresponding to that of the slip angular velocity shown in Figure 6 (b). The slip angular velocity can induce additional deformation to the droplet. The predicted maximum slip angular velocity is between the centerline and the outer equilibrium position. It is also consistent with the fact that the inner equilibrium position is located between the centerline and the outer equilibrium position.
The deformations of droplets for ζ = 0.3 and Re = 6.12 at different z positions are quantified in Figure 18 . The top figure in Figure 18 shows droplets suspended from positions near the centerline to close to the wall. As shown in Figure 18(a) , the difference between U f and U d decreases and subsequently increases slightly from the centerline to the wall. The decrease in U s is caused by the drag force experienced by droplets decreasing with decreasing frontal area caused by deformation. The slight increase in U s near the wall is caused by the droplets that are flattened by the wall. The drag force increases because the acting area of the shear stress along the interface increases. The deformation parameter, shown in Figure 18(b) , has an increased linear tendency than that in Figure 17 (b). The theoretical predication of Eq. (18) is a straight line because of the linear distribution of the shear rate (Figure 3(c) ). Good agreements are found for z/H < 0.15. However, for z/H > 0.15, there are disparities that increase with z/H due to the effect of wall repulsion. Nevertheless, when multiplying Eq. (18) by a constant factor 1.273, the variation of can be predicted reasonably well. Note that the constant factors for in Figures 17(b) and 18(b) are close to each other. The angle of attack shown in Figure 20 (c) is fitted by a parabolic curve. In contrast to ζ = 0.6, the ratio of α to U f /U a increases from the centerline to the wall. The surface area in Figure 18 (d) increases monotonically with the z position.
The evolution of the droplet deformation during droplet migration is also of interest. Following Coulliette and Pozrikidis, 51 two timescales are considered before discussing the dynamics of deformation. The deformation timescale T def is the time necessary for a droplet to deform from an initial spherical shape to a nearly steady shape, and the migration timescale T mig is the time necessary for a droplet to migrate a radial distance comparable to the droplet radius. The ratio of the two timescales is
where Ca = μ o U a D/σ H is the capillary number and which were derived by Chan and Leal. 9 In the parameter ranges considered in this paper, Caλ g(λ) is approximately O(10 −3 ), and the function inside the bracket is approximately O(1), resulting in τ 1. The small value of τ means that the droplets respond rapidly to the ambient environment to change shape. Thus, the evolution of the droplet deformation can be regarded to be quasi-steady. Figure 19 shows the evolutions of the deformation of the two droplets for different Re at ζ = 0.6. The droplet in Figure 19 (a) is for the case at Re = 6.12 with the initial released position y i = 0.3. At t/(D/U a ) = 0, a spherical droplet is initialized in the well-developed flowfield. Due to the distribution of the velocity in the y direction, the lower region of the droplet has a higher velocity than the higher region, causing the droplet to be stretched to an ellipsoid. As it moves further downstream, the shape of the droplet changes slightly, corresponding to the balance of shear-and wall-induced lift forces. For the droplet at Re = 19.3 shown in Figure 19(b) , the deformation of the droplet is larger and more complicated. After being initialized, the droplet is stretched by the flow to a dripping shape at Phys. t/(D/U a ) = 6.7. The sharp tip recovers to a duckbilled shape at t/(D/U a ) = 6.7. As the droplet moves toward the centerline under the lift force, two tips near the wall are generated under the effect of confinement in the z direction because the shear rate in the z direction is higher toward the centerline in the y direction.
For small droplets (ζ = 0.3), three-dimensional views are not able to cleanly reflect the evolution of the shapes. Front and top views are used in Figure 20 . Figure 20 is an ellipsoid with a maximum axis that has an angle relative to the flow direction. As the droplet moves to the centerline, the maximum axis is approximately parallel to the flow direction because the shear rate reduces from the wall to the centerline. In contrast, the top view has a gradual variation of the droplet shape from spherical to egg-like as the droplet migrates from the centerline to the wall in the z direction. Because the deformation on the front view is small, the deformation in the two directions can be regarded as decoupled. A case for higher Re, Re = 19.3, is shown in Figure 20(b) . The droplet migrates to the walls in both directions. The front view of the droplet varies from round to elliptical. During the migration in the z direction, the droplet is stretched from one angle to form a slipper shape. The irregular elliptical shape of the front view at t/(D/U a ) = 133.3 is due to the large deformation of the droplet in both directions.
VI. CONCLUSION
We explored the inertial migration of a single deformable droplet in a microchannel with an aspect ratio of 2. Three-dimensional numerical simulations and preliminary experiments were performed to determine the flow dynamics during droplet migration. Two types of droplets, with diameters larger and smaller than half of the channel height, were examined for three Reynolds numbers: 1.93, 6.12, and 19.3. Droplets released at different lateral positions migrate to two equilibrium positions between the centerline and the wall in the width direction and one in the height direction. The positions in both directions move to the centerline as the increasing Reynolds number causes larger deformations. Three complex, three-dimensional shapes of droplets were obtained: egg, parachute, and slipper. The lift forces experienced by droplets in the width and height directions were obtained numerically and compared with the existing theory to reflect the effects of deformation. In addition, the angular momentums of droplets with finite sizes were modeled by a simple theoretical analysis. Slip angular velocities of the droplets were found to exist in the width direction rather than in the height direction, which highlighted the effects of different velocity profiles. The evolution of the droplet deformations with the lateral positions were also studied in detail. A local extreme value of the surface area was found at the inner equilibrium position in the width direction, which reveals that the direct factor of the existence of the inner position is the altered deformation-induced force. Because the modeled slip angular velocity of the droplet has a peak near the inner position, we believe that the slip angular velocity is responsible for the extreme value of the surface area. Therefore, the existence of the inner position is attributed to the quartic profile of the axial velocity in the width direction.
